Derivation of a Stochastic Neutron Transport Equation by Allen, Edward J.
ar
X
iv
:1
00
4.
25
11
v1
  [
ma
th.
NA
]  
14
 A
pr
 20
10
Derivation of a Stochastic Neutron Transport Equation
Edward J. Allen
Department of Mathematics and Statistics
Texas Tech University
Lubbock, Texas 79409-1042
Email: edward.allen@ttu.edu
This paper is to be published in the Journal of Difference Equations and
Applications.
Abstract
Stochastic difference equations and a stochastic partial differential equation (SPDE)
are simultaneously derived for the time-dependent neutron angular density in a general
three-dimensional medium where the neutron angular density is a function of position,
direction, energy, and time. Special cases of the equations are given such as trans-
port in one-dimensional plane geometry with isotropic scattering and transport in a
homogeneous medium. The stochastic equations are derived from basic principles, i.e.,
from the changes that occur in a small time interval. Stochastic difference equations of
the neutron angular density are constructed, taking into account the inherent random-
ness in scatters, absorptions, and source neutrons. As the time interval decreases, the
stochastic difference equations lead to a system of Itoˆ stochastic differential equations
(SDEs). As the energy, direction, and position intervals decrease, an SPDE is de-
rived for the neutron angular density. Comparisons between numerical solutions of the
stochastic difference equations and independently formulated Monte Carlo calculations
support the accuracy of the derivations.
Short running title: Stochastic Neutron Transport
Keywords: stochastic partial differential equation; neutron transport equation; Itoˆ system;
stochastic model; Boltzmann transport equation.
Mathematics subject classification: AMS(MOS) 82D75, 60H15, 82C70, 60H10, 65C30.
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1 Introduction
In the present investigation, stochastic versions of the deterministic neutron transport equa-
tion are derived. Specifically, stochastic difference equations and a stochastic partial differ-
ential equation (SPDE) are simultaneously derived that account for the random effects of
absorptions, scatters, and source particles and generalize the standard deterministic neutron
transport equation. Numerical approximations of the SPDE, through solution of the system
of stochastic difference equations, provide approximations to the randomly varying neutron
densities and yield insight into the random behavior of neutron transport. The stochastic
transport equations are most useful for problems involving low numbers of neutrons. As
the coefficient of variation is often approximately inversely proportional to the square root
of the population size, the deterministic and stochastic transport equations yield essentially
the same results for high numbers of neutrons.
There are alternate but apparently equivalent ways to derive a system of stochastic
differential equations (SDEs) for a randomly varying dynamical problem. The first way
involves deriving a master equation for the random process [14, 26]. A master equation is
a differential form of the Chapman-Kolmogorov equation involving transition probabilities
and is a probability conservation equation for the probabilities of separate states. If the
transition densities are expanded in a parameter that defines the size of the fluctuations or
jumps, then a Fokker-Planck equation or forward Kolmogorov equation is obtained in the
first few terms of the expansion. As the probability density of an SDE system satisfies a
certain forward Kolmogorov equation, this procedure infers a particular SDE system that
approximates the random dynamics of the problem. In this procedure, a system of stochastic
difference equations is not derived as an intermediate step. A second way to derive a system
of SDEs for a randomly varying problem is by studying the changes in the process for a short
time interval which gives a discrete stochastic model. The discrete stochastic model infers a
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system of stochastic difference equations which, in turn, leads to an appropriate SDE system.
For example, consider a randomly varying problem where ~X = [X1, X2, . . . , XN ]
T is a random
vector of N components for the problem. Let ∆ ~X be the change in the process for a small
time interval ∆t. The expectations ~µ( ~X, t) = E(∆ ~X)/∆t and V ( ~X, t) = E(∆ ~X(∆ ~X)T )/∆t
are determined and a stochastic difference equation approximation for the problem has the
form:
~X(t+∆t) = ~X(t) + ~µ( ~X(t), t)∆t + (V ( ~X(t), t))1/2
√
∆t ~ηt (1)
where ~ηt is a vector of length N of independent normally distributed random numbers with
zero mean and unit variance. Finally, the SDE system that approximates the behavior of
the randomly varying process has the form
d ~X(t) = ~µ( ~X, t)dt+ (V ( ~X, t))1/2 d ~W (t) (2)
where ~W (t) is a vector of length N of independent Wiener processes. It can be shown
that the probability density of solutions of the stochastic system (1) or (2) approximates
the probability density of the original randomly varying process [1, 4, 6]. Assume now that
there are M possible changes in the process with probabilities pj∆t for j = 1, 2, . . . ,M for
small ∆t. Also, assume that the jth change alters the ith component by λj,i. Then, the
elements of ~µ are given by µi =
∑M
j=1 pjλj,i and the elements of N × N matrix V are given
by vi,l =
∑M
j=1 pjλj,iλj,l for i, l = 1, 2, . . .N . In addition, an equivalent SDE system to (2) is
d ~X(t) = ~µ( ~X, t)dt+ C( ~X, t) d ~W ∗(t) (3)
where N ×M matrix C has elements ci,j = λj,ip1/2j and ~W ∗(t) is a vector of length M of
independent Wiener processes. Furthermore, equation (3) is also obtained from the master-
equation approach under the same assumptions [14]. Thus, the two derivation procedures
produce identical SDE systems for this general N -component and M-change process.
These two derivation procedures produce very reasonable stochastic equation models for
a given phenomenon. For randomly varying systems where the dependent variable depends
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on time and on secondary independent variables, a stochastic partial differential equation
(SPDE) may be derived by replacing the Wiener processes in the SDE system with appro-
priate Brownian sheets and letting the intervals in the remaining independent variables go
to zero. The resulting equation is an SPDE model for the phenomenon.
In this paper, stochastic difference equations and a stochastic partial differential equation
are derived for the transport of neutrons in matter. In neutron transport, captures, scatters,
fissions, and source neutrons occur randomly. As a result, the neutron angular density varies
stochastically. The relative magnitude of the random behavior of the angular density is
pronounced for low neutron densities, such as during reactor startup, but decreases as the
neutron density increases. The standard or deterministic neutron transport equation (or
Boltzmann neutron transport equation) describes the expected or probable neutron angular
density with respect to position, direction, energy, and time [9]. Solutions of the deterministic
neutron transport equation provide average values of the neutron angular density; actual
realizations with time of the neutron angular densities, that include random effects from
neutron interactions and sources, are not obtained.
A stochastic partial differential equation is derived in this paper for neutron transport in
a general three-dimensional absorbing and anisotropic-scattering medium where the neutron
angular density depends on position, direction, energy, and time. In the present investigation,
the medium is assumed to be constant with respect to material composition, i.e., zero power
noise. Special random effects, for example, from randomly varying boundary conditions or
from a medium that is randomly varying [28, 29] are not studied in the present investiga-
tion although generalizations of the SPDE to approximate such conditions may be possible.
Using the derived stochastic neutron transport equation, sample paths (realizations) of the
randomly varying neutron angular densities can be approximately computed. In addition,
after computing many sample paths, moments of the neutron densities, for example, can be
estimated. The stochastic neutron transport equation is derived from basic principles, i.e.,
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from the changes in the system that occur in a small time interval. The dynamical system
is studied to determine the different independent random changes that occur. Appropriate
terms are identified for these changes in developing a stochastic difference system where all
independent variables are discrete. As the time interval goes to zero, a certain stochastic
differential equation (SDE) system is inferred (e.g., [1, 4, 6, 16, 25]). Next, multidimensional
Brownian sheets replace the Wiener processes. As the intervals in the remaining indepen-
dent variables go to zero, the SDE system leads to an SPDE [2, 3]. It is illustrated how the
stochastic transport equation can be solved computationally through numerical solution of
a stochastic difference system.
The neutron transport equation is of fundamental importance in nuclear reactor theory
and shielding design [9, 12, 17, 22]. The stochastic nature of the neutron transport process
has been of interest for many years. Classic studies of the stochastic theory of neutron
transport are given in [7, 8]. In particular, let pn(R, tf ; ~x,~v, t) be the probability that a
neutron with position ~x and velocity ~v at time t leads to n neutrons in region R of ~x,~v space
at time tf . In [8], a non-linear integro-differential equation for the probability generating
function is derived for pn(R, tf ; ~x,~v, t). The equations derived are interesting but complicated
and difficult to apply. More recently, a master equation approach was used to estimate the
temporal evolution of the number of neutrons in time-varying multiplying systems [19, 23].
This approach gives, for example, moments of the number of neutrons in the system with
time. However, a stochastic difference system approximation of neutron transport is not
determined and, as a result, sample paths of the randomly varying neutron densities with
respect to energy, position, and direction are not estimated.
In the next section, stochastic difference equations and a stochastic partial differential
equation are derived for neutron transport in general three-dimensional xyz-geometry. The
changes due to absorptions, fissions, and scatters, which occur randomly with probability
proportional to the neutron angular density and to the time interval, are carefully consid-
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ered in deriving the equations. In the third section, several special but useful cases of the
stochastic neutron transport equation are described such as one-dimensional slab geometry
with isotropic scattering. In the fourth section, stochastic difference equations are solved
computationally for the randomly varying neutron densities and compared with Monte Carlo
calculations. The Monte Carlo calculational procedures differ considerably from the numer-
ical solution of the stochastic transport equations. In the Monte Carlo calculations, the
dynamical system is checked at each small interval of time to take into account scatters, ab-
sorptions, and movements for individual neutrons. Comparisons between the two different
computational methods are in close agreement indicating that the stochastic difference equa-
tions and the stochastic partial differential equation accurately model the random behavior
of neutron transport. Although the stochastic equations cannot exactly model the random
behavior of neutron transport since, for example, the number of neutrons in any region is
not integer-valued in the stochastic difference system or in the SPDE model, the calculations
indicate that the stochastic neutron transport model is accurate. In addition, the stochas-
tic transport equations provide insight into the random dynamics of neutron transport and
can be efficiently solved computationally using the stochastic difference equations. Several
applications of the stochastic neutron transport equation are discussed in the fifth section
before the investigation is summarized in the final section.
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2 Derivation of Stochastic Neutron Transport Equa-
tions
The neutron transport equation in xyz-geometry can be written in the integro-differential
form [9, 12]:
∂N¯(x, y, z, µ, φ, E, t)
∂t
= −vµx∂N¯
∂x
− vµy ∂N¯
∂y
− vµz ∂N¯
∂z
(4)
+Q(x, y, z, E, t)− vσ(x, y, z, E)N¯(x, y, z, µ, φ, E)
+
∫ Emax
0
∫ 1
−1
∫ 2pi
0
v′σ′f(x, y, z, µ′, φ′, E ′, µ, φ, E)N¯ ′ dφ′dµ′dE ′
for (x, y, z) ∈ ([0, xmax] × [0, ymax] × [0, zmax]) ⊂ R3, −1 ≤ µ ≤ 1, 0 ≤ φ ≤ 2pi, 0 ≤
E ≤ Emax and t ≥ 0 where N¯ = N¯(x, y, z, µ, φ, E, t) is the expected neutron angu-
lar density with respect to position (x, y, z), direction ~Ω = (µ, φ), energy E, and time
t per unit volume per unit solid angle per unit energy. In (4), σ′ = σ(x, y, z, E ′) and
N¯ ′ = N¯(x, y, z, µ′, φ′, E ′, t). The notation used here is generally consistent with the notation
used in [9]. In particular, v is the neutron speed, σ is the total macroscopic cross section,
σ(x, y, z, E ′)f(x, y, z, µ′, φ′, E ′, µ, φ, E)∆µ∆φ∆E is the probability of a neutron transfer from
direction (µ′, φ′) and energy E ′ to solid angle ∆µ∆φ about direction (µ, φ) with energy ∆E
about energy E. Note that
σ′f(x, y, z, µ′, φ′, E ′, µ, φ, E) =
∑
r
σ′rfr(x, y, z, µ
′, φ′, E ′, µ, φ, E)
where σ′r = σr(x, y, z, E
′) and the sum includes the separate interactions r in which neutrons
are produced such as elastic scattering or fission. The parameters µx, µy and µz are the
direction cosines for the x, y, and z axes, respectively. In particular, µx = µ = cos θ,
µy = sin(cos
−1 µ) cosφ, and µz = sin(cos
−1 µ) sinφ. Thus, ~Ω · ~∇N¯ = µx∂N¯
∂x
+µy
∂N¯
∂y
+µz
∂N¯
∂z
.
Furthermore, c(x, y, z, E) =
∫ Emax
0
∫ 1
−1
∫ 2pi
0
f(x, y, z, µ, φ, E, µ′, φ′, E ′) dφ′dµ′dE ′ is the mean
number of neutrons emerging per collision of neutrons of energy E at position (x, y, z).
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Finally, Q(x, y, z, E) is the number of source neutrons per unit solid angle per unit volume
per unit energy and is assumed to be isotropic.
To simplify the derivation, it is useful to define several other quantities. Let σc be the
capture cross section, i.e., the sum of all the cross sections involving a pure capture event
such as those due to (n, γ), (n, p), or (n, α) collisions. Let σˆ(x, y, z, E) = σ(x, y, z, E) −
σc(x, y, z, E) be the macroscopic cross section for all interactions other than pure capture
interactions. Let fˆ be defined by the expression
σˆ(x, y, z, E ′)fˆ(x, y, z, µ′, φ′, E ′, µ, φ, E) = σ′f(x, y, z, µ′, φ′, E ′, µ, φ, E)
and define cˆ(x, y, z, E) =
∫ Emax
0
∫ 1
−1
∫ 2pi
0
fˆ(x, y, z, µ, φ, E, µ′, φ′, E ′) dφ′dµ′dE ′ as the mean
number of neutrons emerging per non-capture collision of neutrons of energy E at position
(x, y, z).
Equation (4) is deterministic and random variations in the neutron angular density due to
the inherent randomness in absorptions, scatters, and fissions cannot be accurately studied
using this equation. To derive a stochastic partial differential equation generalization of (4),
the changes which occur in the angular density for a small time interval are determined
taking into account interactions and transport. A discrete stochastic model of the neutron
angular density is then constructed which infers a system of stochastic difference equations.
As the time interval decreases, the stochastic difference system leads to a system of Itoˆ
stochastic differential equations. As the intervals in position, direction, and energy decrease,
a stochastic partial differential equation is derived for the neutron transport process.
2.1 Several Properties of Brownian Sheets
Before deriving these stochastic equations, it is useful to consider several properties of Brow-
nian sheets [5, 10, 27]. A Brownian sheet on [0, 5] × [0, 5] is illustrated in Fig. 1. The
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Figure 1: A Brownian sheet on [0, 5]× [0, 5].
Brownian sheet W (x, t) satisfies:
∫ t+∆t
t
∫ x+∆x
x
∂2W (x′, t′)
∂t′∂x′
dx′ dt′ ∼ N (0,∆x∆t).
That is, the Brownian sheet is independent and normally distributed over rectangular regions.
In addition, if xj = j∆x for j = 0, 1, . . . , J , where ∆x = xmax/J , then the Brownian sheet
defines for j = 1, 2, . . . J , the standard Wiener processes, Wj(t), where
dWj(t)
dt
=
1√
∆x
∫ xj
xj−1
∂2W (x′, t)
∂t∂x′
dx′.
Notice that if ti = i∆t for i = 0, 1, . . . ,M , then
∫ ti
ti−1
dWj(t
′) =
√
∆t ηi,j
where ηi,j ∼ N (0, 1) for each j = 1, 2, . . . J and i = 1, 2, . . .M . Also, standard Wiener
processes can be defined using, for example, three-dimensional Brownian sheets letting
dWj,k(t) =
1√
∆x∆y
∫ xj
xj−1
∫ yk
yk−1
∂3W (x′, y′, t)
∂t∂y′∂x′
dy′dx′dt
where Wj,k(t) is a Wiener process for each j and k. However, notice that
∂3W (x, y, t)
∂t∂y∂x
= lim
∆x,∆y→0
1
∆x∆y
∫ x+∆x
x
∫ y+∆y
y
∂3W (x′, y′, t)
∂t∂y′∂x′
dy′dx′.
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Finally, it is useful to note that W (x, t) 6= W1(x)W2(t) where W1(x) and W2(t) are
independent Wiener processes. To see this, let A = [a, b] × [c, d] and |A| = (d − c)(b − a).
Then,
W (A) =
∫ b
a
∫ d
c
∂2W (x, t)
∂t∂x
dxdy = W (b, d)−W (b, c)−W (a, d) +W (a, c) ∼ N (0, |A|).
In particular, W (A) =
√|A| ηxt where ηxt ∼ N (0, 1). However,
W1,2(A) =
∫ b
a
∫ d
c
dW1(x)dW2(t) = (W1(b)−W1(a))(W2(d)−W2(c)) =
√
|A| ηxηt
where ηx ∼ N (0, 1) and ηt ∼ N (0, 1). So, for example, E((W (A))4) = 3|A|2 whereas
E((W1,2(A))
4) = 9|A|2.
2.2 Derivation of stochastic neutron transport equations
To derive a stochastic neutron transport equation, the changes which occur in the neu-
tron angular density for a small time interval ∆t at time tp are considered where tp =
(p − 1)∆t for p = 1, 2, . . . . To facilitate finding these changes, the variables position, di-
rection, and energy are made discrete. Three-dimensional space is discretized into rect-
angular parallelepipeds of length, width, and height ∆x,∆y,∆z, respectively. The di-
rection variables µ and φ are discretized with intervals of size ∆µ = 2/L and ∆φ =
2pi/M , and energy is discretized into intervals of size ∆E = Emax/G. Furthermore, xi =
(i − 1)∆x for i = 1, 2, . . . , I + 1, yj = (j − 1)∆y for j = 1, 2, . . . , J + 1, zk = (k −
1)∆z for k = 1, 2, . . . , K + 1, µl = −1 + (l − 1)∆µ for l = 1, 2, . . . , L + 1, φm = (m −
1)∆φ for m = 1, 2, . . . ,M + 1, and Eg = (g − 1)∆E for g = 1, 2, . . . , G + 1. Now let
n(xi, yj, zk, µl, φm, Eg, tp) = N(xi, yj, zk, µl, φm, Eg, tp)∆x∆y∆z∆µ∆φ∆E be the number of
neutrons in the parallelepiped moving in direction µl, φm with energy Eg. There are several
possible changes that can occur to n = n(xi, yj, zk, µl, φm, Eg, tp) in the small time interval
∆t. A capture or fission can occur, a neutron can enter or leave one of the six faces of the
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parallelepiped, or a scatter can occur resulting in a loss or gain of one neutron. The possible
changes ∆n along with their probabilities are listed in Table 1 for a small time interval ∆t.
Notice that position changes occur deterministically, i.e., the neutron position is determined
by the neutron velocity and, thus, the number of neutrons moving from one parallelepiped
into an adjacent parallelepiped is calculated based on the fraction of neutrons crossing the
parallelepiped boundary in time ∆t. In Table 1, the probabilities pc, ptr1, ptr2, and pQ are
given by
pc = vgσcn(xi, yj, zk, µl, φm, Eg, tp)∆t
ptr1 = vgσˆfˆn∆µ∆φ∆E∆t,
ptr2 = vg′σ
′f ′n′∆µ∆φ∆E∆t, and
pQ = Q(xi, yj, zk, Eg, tp)∆x∆y∆z∆µ∆φ∆E∆t.
For example, in Table 1, vgσc(xi, yj, zk, Eg)n(xi, yj, zk, µl, φm, Eg, tp)∆t is the probability that
a neutron in the packet undergoes a capture. However, the two interaction terms, i.e., the
term involving transfer into the packet and the term involving transfer out of the packet, need
to be considered at each position for all the different directions and energies. Specifically,
ptr1 = vgσˆfˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′, Eg′)n∆µ∆φ∆E∆t
is the probability in time ∆t that 1/cˆ(xi, yj, zk, Eg) neutrons are lost from direction µl, φm
at energy Eg (from the packet) when one neutron emerges in direction µl′, φm′ with energy
Eg′ for each value of l
′, m′, and g′ and
ptr2 = vg′σ
′f(xi, yj, zk, µl′, φm′, Eg′ , µl, φm, Eg)n
′ ∆µ∆φ∆E∆t
is the probability that one neutron emerges in direction µl, φm at energy Eg (into the packet)
when 1/cˆ(xi, yj, zk, Eg′) neutrons are lost from direction µl′ , φm′ and energy Eg′ for each
value of l′, m′, and g′. Note, for convenience in Table 1, n = n(xi, yj, zk, µl, φm, Eg, tp), n
′ =
11
n(xi, yj, zk, µl′, φm′, Eg′ , tp), σ = σ(xi, yj, zk, Eg), σ
′ = σ(xi, yj, zk, Eg′), σc = σc(xi, yj, zk, Eg),
σˆ = σˆ(xi, yj, zk, Eg), fˆ = fˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′ , Eg′), f
′ = f(xi, yj, zk, µl′, φm′, Eg′ , µl, φm, Eg),
and cˆ = cˆ(xi, yj, zk, Eg). Also, it is assumed that the neutron source, Q, is a Poisson process
with the probability of adding one source neutron to the packet in a small time interval ∆t
equal to Q(xi, yj, zk, Eg, tp)∆x∆y∆z∆µ∆φ∆E∆t.
Table 1 defines a discrete stochastic model for the neutron transport system. Using these
changes and probabilities and letting the time interval ∆t approach zero, a system of Itoˆ
stochastic differential equations can be formulated for the dynamics of this random transport
process. First, a deterministic equation for the expected number of neutrons at time tp+∆t
can be derived using the results of the Table 1. This equation, for µx, µy, µz > 0, is given by:
n¯(xi, yj, zk, µl, φm, Eg, tp +∆t) = n¯(xi, yj, zk, µl, φm, Eg, tp) (5)
−vgσcn¯(xi, yj, zk, µl, φm, Eg, tp)∆t
+µxvg∆t(n¯(xi−1, yj, zk, µl, φm, Eg, tp)− n¯(xi, yj, zk, µl, φm, Eg, tp))/∆x
+µyvg∆t(n¯(xi, yj−1, zk, µl, φm, Eg, tp)− n¯(xi, yj, zk, µl, φm, Eg, tp))/∆y
+µzvg∆t(n¯(xi, yj, zk−1, µl, φm, Eg, tp)− n¯(xi, yj, zk, µl, φm, Eg, tp))/∆z
+Q(xi, yj, zk, Eg, tp)∆x∆y∆z∆µ∆φ∆E∆t
−
L∑
l′=1
M∑
m′=1
G∑
g′=1
1
cˆ
vgσˆfˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′, Eg′)n¯∆µ∆φ∆E∆t
+
L∑
l′=1
M∑
m′=1
G∑
g′=1
vg′σ
′f(xi, yj, zk, µl′, φm′, Eg′ , µl, φm, Eg)n¯
′∆µ∆φ∆E∆t
where n¯ is the expected number of neutrons in the packet. Letting n¯ = N¯∆x∆y∆z∆µ∆φ∆E
and allowing ∆t to approach zero as well as ∆x, ∆y, ∆z, ∆µ, ∆φ, and ∆E, it is straight-
forward to show that (5) yields the standard neutron transport equation (4). However, the
changes and probabilities given in Table 1 can be used to derive an SDE model. Indeed, the
discrete stochastic model and the SDE model will have approximately the same covariance
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terms as well as mean terms for small ∆t.
The derivation procedure, described in the Introduction for obtaining equation (3), is now
applied using the changes and probabilities given in Table 1 to obtain the stochastic terms
in the equations. Specifically, for the ith component (packet) of the system, the coefficient
of the independent Wiener process corresponding to the jth change is equal to the product
of λj,i with the square root of the probability for the jth change, recalling that λj,i is the
amount that the jth change alters the ith component. The changes and probabilities given
in Table 1 imply, for µx, µy, µz > 0, that a very reasonable approximation to the discrete
stochastic model satisfies the stochastic difference system:
n(xi, yj, zk, µl, φm, Eg, t+∆t) = n(xi, yj, zk, µl, φm, Eg, t) (6)
+µxvg(n(xi−1, yj, zk, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))∆t/∆x
+µyvg(n(xi, yj−1, zk, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))∆t/∆y
+µzvg(n(xi, yj, zk−1, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))∆t/∆z
+Q(xi, yj, zk, Eg, t)∆x∆y∆z∆µ∆φ∆E∆t − vgσcn(xi, yj, zk, µl, φm, Eg, t)∆t
−
L∑
l′=1
M∑
m′=1
G∑
g′=1
1
cˆ
vgσˆfˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′, Eg′)n∆µ∆φ∆E∆t
+
L∑
l′=1
M∑
m′=1
G∑
g′=1
vg′σ
′f(xi, yj, zk, µl′, φm′, Eg′ , µl, φm, Eg)n
′∆µ∆φ∆E∆t
+
√
Q(xi, yj, zk, Eg, t)∆x∆y∆z∆µ∆φ∆E∆t η
(Q)
i,j,k,l,m,g
−
√
vgσcn(xi, yj, zk, µl, φm, Eg, t)∆t η
(c)
i,j,k,l,m,g
−
L∑
l′=1
M∑
m′=1
G∑
g′=1
1
cˆ
√
vgσˆfˆn∆µ∆φ∆E∆t η
(tr)
i,j,k,l,m,g,l′m′,g′
+
L∑
l′=1
M∑
m′=1
G∑
g′=1
√
vg′σ′f ′n′∆µ∆φ∆E∆t η
(tr)
i,j,k,l′,m′,g′,l,m,g
for i = 1, 2, . . . , I, j = 1, 2, . . . , J , k = 1, 2, . . . , K, l = 1, 2, . . . , L, m = 1, 2, . . . ,M ,
and g = 1, 2, . . . , G, where η
(Q)
i,j,k,l,m,g, η
(c)
i,j,k,l,m,g, and η
(tr)
i,j,k,l,m,g,l′,m′,g′ are independent nor-
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mally distributed numbers with zero mean and unit variance processes for each value of
i, j, k, l,m, g, l′, m′, g′. In Equation (6), fˆ = fˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′ , Eg′) and f
′ =
f(xi, yj, zk, µl′, φm′ , Eg′, µl, φm, Eg). For small ∆t, the stochastic difference system (6) has
the same mean and mean square changes as the discrete stochastic model defined by Table
1.
Stochastic difference system (6) is an Euler-Maruyama approximation to a certain Itoˆ
SDE system (e.g., [1, 4, 6]) which has the form:
dn(xi, yj, zk, µl, φm, Eg, t)
dt
= (7)
+µxvg(n(xi−1, yj, zk, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))/∆x
+µyvg(n(xi, yj−1, zk, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))/∆y
+µzvg(n(xi, yj, zk−1, µl, φm, Eg, t)− n(xi, yj, zk, µl, φm, Eg, t))/∆z
+Q(xi, yj, zk, Eg, t)∆x∆y∆z∆µ∆φ∆E − vgσcn(xi, yj, zk, µl, φm, Eg, t)
−
L∑
l′=1
M∑
m′=1
G∑
g′=1
1
cˆ
vgσˆfˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′ , Eg′)n∆µ∆φ∆E
+
L∑
l′=1
M∑
m′=1
G∑
g′=1
vg′σ
′f(xi, yj, zk, µl′, φm′ , Eg′, µl, φm, Eg)n
′∆µ∆φ∆E
+
√
Q(xi, yj, zk, Eg, t)∆x∆y∆z∆µ∆φ∆E
dW
(Q)
i,j,k,l,m,g(t)
dt
−
√
vgσcn(xi, yj, zk, µl, φm, Eg, t)
dW
(c)
i,j,k,l,m,g(t)
dt
−
L∑
l′=1
M∑
m′=1
G∑
g′=1
1
cˆ
√
vgσˆfˆn∆µ∆φ∆E
dW
(tr)
i,j,k,l,m,g,l′m′,g′(t)
dt
+
L∑
l′=1
M∑
m′=1
G∑
g′=1
√
vg′σ′f ′n′∆µ∆φ∆E
dW
(tr)
i,j,k,l′,m′,g′,l,m,g(t)
dt
for i = 1, 2, . . . , I, j = 1, 2, . . . , J , k = 1, 2, . . . , K, l = 1, 2, . . . , L, m = 1, 2, . . . ,M ,
and g = 1, 2, . . . , G, where W
(Q)
i,j,k,l,m,g(t), W
(c)
i,j,k,l,m,g(t), and W
(tr)
i,j,k,l,m,g,l′,m′,g′(t) are inde-
pendent Wiener processes for each value of i, j, k, l,m, g, l′, m′, g′. In Equation (7), fˆ =
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fˆ(xi, yj, zk, µl, φm, Eg, µl′, φm′, Eg′) and f
′ = f(xi, yj, zk, µl′, φm′ , Eg′, µl, φm, Eg). For small
∆t, the stochastic system (7) has approximately the same mean and mean square changes
as the discrete stochastic model defined by Table 1.
Before the intervals in space, energy, and direction can be allowed to go to zero so
that the SDE system will approach an SPDE, the Wiener processes need to be replaced
with appropriate Brownian sheets. Introduced now are multidimensional Brownian sheets
W (c)(x, y, z, µ, φ, E, t), W (Q)(x, y, z, µ, φ, E, t), and W (tr)(x, y, z, µ, φ, E, µ′, φ′, E ′, t). For ex-
ample, W (c)(x, y, z, µ, φ, E, t) is an independent seven-dimensional Brownian sheet in vari-
ables x, y, z, µ, φ, E, t. The Wiener processes in (7) are now replaced by equivalent forms
involving Brownian sheets after which the spatial, angular, and energy intervals will be
allowed to approach zero. Specifically, in (7), let
dW
(Q)
i,j,k,l,m,g(t)
dt
=
1√
∆x∆y∆z∆µ∆φ∆E
∫ xi+1
xi
∫ yj+1
yj
∫ zk+1
zk
∫ µl+1
µl
∫ φm+1
φm∫ Eg+1
Eg
∂7W (Q)(x, y, z, µ, φ, E, t)
∂x∂y∂z∂µ∂φ∂E∂t
dE dφ dµ dz dy dx
dW
(c)
i,j,k,l,m,g(t)
dt
=
1√
∆x∆y∆z∆µ∆φ∆E
∫ xi+1
xi
∫ yj+1
yj
∫ zk+1
zk
∫ µl+1
µl
∫ φm+1
φm∫ Eg+1
Eg
∂7W (c)(x, y, z, µ, φ, E, t)
∂x∂y∂z∂µ∂φ∂E∂t
dE dφ dµ dz dy dx
dW
(tr)
i,j,k,l′m′,g′,l,m,g(t)
dt
=
1√
∆S
∫ xi+1
xi
∫ yj+1
yj
∫ zk+1
zk
∫ µl′+1
µl′
∫ φm′+1
φm′
∫ Eg′+1
Eg′∫ µl+1
µl
∫ φm+1
φm
∫ Eg+1
Eg
∂10W (tr)(x, y, z, µ′, φ′, E ′, µ, φ, E, t)
∂x∂y∂z∂µ′∂φ′∂E ′∂µ∂φ∂E∂t
dE · · · dx
where ∆S = ∆x∆y∆z∆µ′∆φ′∆E ′∆µ∆φ∆E. These equivalent expressions are now substi-
tuted into (7) and n is replaced with N∆x∆y∆z∆µ∆φ∆E. Next, ∆x,∆y,∆z,∆µ,∆φ, and
∆E are allowed to approach zero. The result is a stochastic partial differential equation for
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stochastic neutron transport:
∂N(x, y, z, µ, φ, E, t)
∂t
= −vµx∂N
∂x
− vµy ∂N
∂y
− vµz ∂N
∂z
(8)
+Q(x, y, z, E, t)− vσ(x, y, z, E)N(x, y, z, µ, φ, E)
+
∫ Emax
0
∫ 1
−1
∫ 2pi
0
vσ′f(x, y, z, µ′, φ′, E ′, µ, φ, E)N ′ dφ′dµ′dE ′
+
√
Q(x, y, z, E, t)
∂7W (Q)(x, y, z, µ, φ, E, t)
∂x∂y∂z∂µ∂φ∂E∂t
−
√
vσc(x, y, z, E)N(x, y, z, µ, φ, E, t)
∂7W (c)(x, y, z, µ, φ, E, t)
∂x∂y∂z∂µ∂φ∂E∂t
−
∫ 1
−1
∫ 2pi
0
∫ Emax
0
1
cˆ
√
vσfN
∂10W (tr)(x, y, z, µ, φ, E, µ′, φ′, E ′, t)
∂x∂y∂z∂µ∂φ∂E∂µ′∂φ′∂E ′∂t
dE ′dΩ′
+
∫ 1
−1
∫ 2pi
0
∫ Emax
0
√
v′σ′f ′N ′
∂10W (tr)(x, y, z, µ′, φ′, E ′, µ, φ, E, t)
∂x∂y∂z∂µ′∂φ′∂E ′∂µ∂φ∂E∂t
dE ′dΩ′
where, for convenience, N = N(x, y, z, µ, φ, E, t),N ′ = N(x, y, z, µ′, φ′, E ′, t), σ = σ(x, y, z, E),
σ′ = σ(x, y, z, E ′), σˆ(x, y, z, E) = σ(x, y, z, E) − σc(x, y, z, E), cˆ = cˆ(x, y, z, E), µx = µ,
µy = sin(cos
−1 µ) cosφ, µz = sin(cos
−1 µ) sinφ, dΩ′ = dφ′dµ′, and the equation is valid
for positive or negative values of the direction cosines µx, µy, µz. Notice that N in (8) is
stochastic, i.e., N is not the expected neutron angular density. That is, each solution of
(8) is one possible realization or sample path of the neutron angular density. There are an
infinite number of these sample path solutions, as occurs in nature, and the average of these
random solutions is equal to the expected neutron angular density N¯ . Finally, notice that
(8) generalizes (4). If the stochastic terms are set equal to zero, then (8) is identical to (4).
Of course, for the deterministic or the stochastic version of the neutron transport equation,
the initial condition and boundary conditions must be specified.
As illustrated in Section 4 for two special cases of (8), the stochastic transport equation
(8) can be solved computationally by discretizing position, direction, and energy and then
approximating the resulting system of Itoˆ stochastic differential equations in time. In effect,
SDE system (7) is computationally solved using an appropriate stochastic difference system
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such as (6).
3 Special Cases of the Stochastic Neutron Transport
Equation
In this section, for illustrative purposes, two special cases of (8) are considered. First, a one-
dimensional stochastic neutron transport equation with isotropic scattering is described.
Second, a stochastic partial differential equation is given for neutrons interacting in a homo-
geneous medium.
Consider the parallelepiped region 0 ≤ x ≤ xmax, 0 ≤ y ≤ ymax, and 0 ≤ z ≤ zmax where
the medium is uniform with respect to the spatial variables y and z. Assume that, except
for the left face and right face defined by x = 0 and x = xmax, respectively, the neutrons
are reflected back at the other faces, i.e., there are reflecting boundary conditions at the
four faces except for the left and right faces. Equation (8) is integrated over 0 ≤ y ≤ ymax,
0 ≤ z ≤ zmax, and angle φ. Then, the equation reduces to
∂N(x, µ, E, t)
∂t
= −vµ∂N
∂x
+Q(x, E, t)− vσ(x, E)N(x, µ, E, t) (9)
+
∫ Emax
0
∫ 1
−1
v′σ(x, E ′)f(x, µ′, E ′, µ, E)N(x, µ′, E ′, t) dµ′dE ′
+
√
Q(x, E, t)
∂4W (Q)(x, µ, E, t)
∂x∂µ∂E∂t
−
√
vσc(x, E)N
∂4W (c)(x, µ, E, t)
∂x∂µ∂E∂t
−
∫ 1
−1
∫ Emax
0
1
cˆ(x, E)
√
vσfN
∂6W (tr)(x, µ, E, µ′, E ′, t)
∂x∂µ∂E∂µ′∂E ′∂t
dE ′dµ′
+
∫ 1
−1
∫ Emax
0
√
v′σ′f ′N ′
∂6W (tr)(x, µ′, E ′, µ, E, t)
∂x∂µ′∂E ′∂µ∂E∂t
dE ′dµ′
where N(x, µ, E, t) is the number of neutrons per unit length per unit angle per unit energy at
position x with direction µ and energy E at time t, cˆ(x, E) =
∫ Emax
0
∫ 1
−1
fˆ(x, µ, E, µ′, E ′)dµ′dE ′
is the mean number of neutrons emerging per non-capture collision of neutrons of energy E
at position x, N ′ = N(x, µ′, E ′, t), and σ′ = σ(x, E ′). In Equation (9), f ′ = f(x, µ′, E ′, µ, E)
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and f = f(x, µ, E, µ′, E ′). Equation (9) is a stochastic neutron transport equation for one-
dimensional slab geometry.
Furthermore, assuming a single energy, isotropic scattering, and only capture and scat-
tering interactions, the above equation becomes:
∂N(x, µ, t)
∂t
= −vµ∂N
∂x
+Q− vσ(x)N + 1
2
∫ 1
−1
vσs(x)N(x, µ
′, t) dµ′ (10)
+
√
Q(x, t)
∂3W (Q)(x, µ, t)
∂x∂µ∂t
+
∫ 1
−1
√
1
2
vσs(x)N(x, µ′, t)
∂4W (tr)(x, µ′, µ, t)
∂x∂µ′∂µ∂t
dµ′
−
√
vσc(x)N
∂3W (c)(x, µ, t)
∂x∂µ∂t
−
∫ 1
−1
√
1
2
vσs(x)N
∂4W (tr)(x, µ, µ′, t)
∂x∂µ∂µ′∂t
dµ′.
where N = N(x, µ, t), Q = Q(x, t), and σs(x) is the scattering cross section at position x.
Equation (10) is a stochastic neutron transport equation for mono-energetic transport in
one-dimensional plane geometry with isotropic scattering.
Consider again the parallelepiped region 0 ≤ x ≤ xmax, 0 ≤ y ≤ ymax, and 0 ≤ z ≤ zmax
where the medium is uniform with respect to all the spatial variables x, y, and z. Assume that
the neutrons are reflected back at all six faces, i.e., there are reflecting boundary conditions
at all the faces. Equation (8) is integrated over the volume 0 ≤ x ≤ xmax, 0 ≤ y ≤ ymax,
and 0 ≤ z ≤ zmax, and over the angles φ and µ. Then, equation (8) reduces to
∂N(E, t)
∂t
= −vσ(E)N +Q(E, t) +
√
Q(E, t)
∂2W (Q)(E, t)
∂E∂t
(11)
+
∫ Emax
0
v′σ(E ′)f(E ′, E)N(E ′, t) dE ′ −
√
vσc(E)N
∂2W (c)(E, t)
∂E∂t
−
∫ Emax
0
1
cˆ(E)
√
vσ(E)f(E,E ′)N(E, t)
∂3W (tr)(E,E ′, t)
∂E∂E ′∂t
dE ′
+
∫ Emax
0
√
v′σ(E ′)f(E ′, E)N(E ′, t)
∂3W (tr)(E ′, E, t)
∂E ′∂E∂t
dE ′
where N = N(E, t) is the number of neutrons per unit energy and Q(E, t) is equal to the
number of source neutrons per unit energy per unit time.
In a homogeneous medium, with only capture and scattering interactions, the above
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equation becomes:
∂N(E, t)
∂t
= −vσ(E)N +Q(E, t) +
√
Q(E, t)
∂2W (Q)(E, t)
∂E∂t
(12)
+
∫ Emax
0
v′σ(E ′)f(E ′, E)N(E ′, t) dE ′ −
√
vσc(E)N
∂2W (c)(E, t)
∂E∂t
−
∫ Emax
0
√
vσ(E)f(E,E ′)N(E, t)
∂3W (tr)(E,E ′, t)
∂E∂E ′∂t
dE ′
+
∫ Emax
0
√
v′σ(E ′)f(E ′, E)N(E ′, t)
∂3W (tr)(E ′, E, t)
∂E ′∂E∂t
dE ′
where v′σ(E ′)f(E ′, E) is the probability of a neutron scattering from energy E ′ to E per
unit energy per unit time. Equation (12) is a stochastic neutron transport equation for a
homogeneous medium with only capture and scattering collisions.
4 Comparison With Monte Carlo Calculations
In this section, the stochastic difference equations derived in the previous sections for neutron
transport are numerically solved and compared with independent Monte Carlo computations.
Two cases are considered. First, a problem is studied involving mono-energetic neutron
transport in a slab with captures and isotropic scatters. The stochastic transport equation
in this case is given by equation (10). Second, a homogeneous medium is studied where
the neutrons experience captures or scatters with energy changes. The stochastic transport
equation for this problem is (12).
In the first problem, it is assumed that 1000 neutrons per second begin entering the left
side of a slab of width one unit at time t = 0.0. The velocity of the neutrons is v = 0.1. The
slab is homogeneous and the scattering and capture cross sections in the slab are assumed
to be σs = 5.0 and σc = 0.10. Therefore, for this problem, the slab has width 1/σc = 10
absorption mean free paths. (As slab width increases, the leakage decreases but it is likely
that the coefficient of variation in the leakage increases.) The neutrons isotropically enter
the slab on the left side, x = 0, from time t = 0.0 until t = 50.0. After time t = 50.0, the
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neutrons no longer enter the slab and the neutrons in the slab eventually are absorbed or
escape. There is no neutron source for this problem. The time dependence of the exiting
fluxes on the left and right sides of the slab are of interest in this problem. To study this
problem computationally, equation (10) needs to be solved numerically.
To define a numerical method for equation (10), the interval [0, 1] in x is divided into I
intervals [xi, xi+1], for i = 1, 2, . . . , I where xi = (i− 1)∆x, and ∆x = 1/I. In addition, the
interval [−1, 1] in direction µ is divided into J equal intervals of width ∆µ = 2/J and time is
discretized where tk = k∆t, k = 0, 1, 2, . . . . Considering (10) at position xi and direction µj
and using an explicit approximation in time t along with an upwind differencing approach
suggests the numerical procedure:
ni,j,k+1 = ni,j,k +
{
µjvni−1,j,k∆t/∆x − µjvni,j,k∆t/∆x, for µj > 0
µjvni,j,k∆t/∆x− µjvni+1,j,k∆t/∆x, for µj < 0 (13)
−vσini,j,k∆t +
J∑
m=1
1
2
σs,ivni,m,k∆µ∆t−
√
vσc,ini,j,k∆t η
(c)
i,j,k
−
J∑
m=1
√
1
2
σs,ivni,j,k∆µ∆t η
(tr)
i,j,m,k +
J∑
m=1
√
1
2
σs,ivni,m,k∆µ∆t η
(tr)
i,m,j,k
where ni,j,k ≈ n(xi, µj, tk) is the number of neutrons at position xi in direction µj at time
tk and σs,i = σs(xi). Also, η
(tr)
i,j,m,k and η
(c)
i,j,k are independent Gaussian N (0, 1)-distributed
numbers for each i, j, k,m. Notice that (13) is an Euler-Maruyama approximation [13, 20, 21]
to the system of Itoˆ differential equations (7) and is a special case of the stochastic difference
system (6).
The problem is solved numerically using two independent computational procedures,
i.e, numerical solution of the SPDE is compared with Monte Carlo calculations. Equation
(13) is solved computationally with I = 80 equal intervals in position x and J = 40 equal
angular intervals. The value chosen for the time interval is ∆t = 0.125. In the Monte Carlo
calculations, 1000 neutrons per second enter isotropically on the left side. Each neutron is
followed individually in the Monte Carlo procedure with each neutron checked for a scatter,
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a leakage, or an absorption at each time step of 0.1 seconds. Calculational results for 100
sample paths using the two independent computational approaches are given in Table 2.
The means and standard deviations of the calculated number of neutrons escaping from the
left side and from the right side are given for the time interval t = 49 to t = 50. The two
approaches agree well. In Figures 2 and 3, the calculated leakages for one sample path are
compared for the two approaches.
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Figure 2: Calculated left leakages per second from time t = 0 to t = 100 for one sample path
using Monte Carlo and SPDE (10).
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Figure 3: Calculated right leakages per second from time t = 0 to t = 100 for one sample
path using Monte Carlo and SPDE (10).
The second problem involves neutrons slowing down in a homogeneous medium. It is
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assumed that at time t = 0.0, there are 0 neutrons with energy between 0 eV and 10 eV
and 400 neutrons with energy between 10 eV and 20 eV. Also, there is present a constant
source, Q(E), of neutrons where Q(E) =
{
22 for 10 ≤ E ≤ 20
0 for 0 ≤ E ≤ 10. Thus,
∫ 20
0
Q(E) dE = 220
source neutrons are produced per second. For this problem, the source, Q(E), is assumed
to be constant and does not vary randomly. It is furthermore assumed that the total
cross section satisfies v(E)σ(E) = 1.0 for 0 ≤ E ≤ 20, the capture cross section has
the form v(E)σc(E) =
{
0.1 for 10 ≤ E ≤ 20
1.0 for 0 ≤ E ≤ 10 and the scattering cross section has the
form v(E ′)σ(E ′)f(E ′, E) =
{
0.045 for 10 ≤ E ′ ≤ 20
0.0 for 0 ≤ E ′ ≤ 10. For convenience, the product of the
speed, v(E ′), with the cross sections are given. The scattering kernel, σ(E ′)f(E ′, E), is thus
assumed to be piecewise continuous and proportional to 1/
√
E ′ rather than, for example,
to 1/E ′ such as for a hydrogen-moderated system. Also, notice that the cross sections are
consistent in the sense that
v(E ′)σ(E ′) = v(E ′)σc(E
′) +
∫ 20
0
v(E ′)σ(E ′, E)f(E ′, E) dE = 1 for all 0 ≤ E ′ ≤ 20.
Furthermore, for this problem, it can be shown that the mean number of neutrons with
energies between 10 eV and 20 eV is equal to 400 for time t ≥ 0 and the mean number
of low-energy neutrons with energies between 0 eV and 10 eV approaches 180 as time t
increases. In this problem, the stochastic behavior of the number of neutrons with energies
between 0 eV and 10 eV is of interest.
This problem is solved numerically using two independent computational procedures.
Specifically, numerical solution of SPDE (12) is compared with Monte Carlo calculations. In
the numerical solution of Equation (12), G = 20 energy groups of equal width ∆E = 20/G
are used. Equation (12) is solved using the following stochastic difference equations at
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discrete times tk = k∆t where ∆t = 0.02:
ng,k+1 = ng,k + qg,k∆E∆t− vgσgng,k∆t +
G∑
g′=1
vg′σg′fg′,gng′,k∆E∆t (14)
−√vgσc,gng,k∆t η(c)g,k −
G∑
g′=1
√
vgσgfg,g′ng,k∆E∆t η
(tr)
g,g′,k
+
G∑
g′=1
√
vg′σg′fg′,gng′,k∆E∆t η
(tr)
g′,g,k
where ng,k ≈ n(Eg, tk) is the number of neutrons in the gth energy group at time tk = k∆t and
σgfg,g′ = σ(Eg)f(Eg, Eg′). Also, η
(c)
g,k, η
(tr)
g,g′,k ∼ N (0, 1) are independent normally distributed
numbers with mean 0 and variance 1 for each g, g′, k. Difference system (14) is a special
case of the stochastic difference system (6). In the Monte Carlo procedure, the neutron
population in each energy group is checked at each time step for an absorption, an energy
group change, or for an addition from the neutron source. This procedure is continued for
each time step until the final time t = 2.
Calculational results for 100 sample paths using the two independent computational
approaches are given in Table 3. The means and standard deviations of the calculated
number of neutrons with energies between 0 eV and 10 eV and with energies between 10
eV and 20 eV are given for time t = 2. The two different computational approaches agree
well. In Fig. 4, the calculated number of neutrons with energies between 0 eV and 10 eV are
given from time t = 0 to t = 2 for one sample path for each calculational method. Again,
the results are very similar for the two different calculational procedures.
5 Applications
Three possible applications of the stochastic neutron transport equations (8) are in develop-
ment of new computational methods for solving neutron transport problems, in sensitivity or
perturbation analysis, and in testing of computational and analytical methods. Numerical
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Figure 4: Calculated number of neutrons with energy less than 10.0 from time t = 0 to t = 2
for one sample path using Monte Carlo and SPDE (12).
methodology for stochastic partial differential equations is advancing rapidly. It is probable
that numerical techniques for solving stochastic neutron transport equations may eventually
out-compete Monte Carlo techniques. Stochastic neutron transport equations can also be
useful, for example, in perturbation studies to evaluate the effects of small changes in reac-
tor parameters. In addition, solutions of stochastic neutron transport equations can provide
independent checks on numerical or analytical approaches such as Monte Carlo methods.
Consider a very simple example of applying stochastic neutron transport equations in a
perturbation study. Consider energy-dependent transport in a homogeneous medium with
the neutron density given by (12). Assume, for this example, that there is no neutron source
and there are no collisions other than capture collisions where the capture cross section varies
with time. The stochastic transport equation, for this problem, reduces to:
∂N(E, t)
∂t
= −vσc(E, t)N(E, t)−
√
vσc(E, t)N(E, t)
∂2W (E, t)
∂E∂t
. (15)
Suppose that σc(E, t) is perturbed to σ˜c(E, t) = σc(E, t) + ∆σc(E, t) for t ≥ 0. We wish
to estimate, for the perturbation, the total number of neutrons as well as the change in the
variability in this number with time t. In particular, if the perturbed neutron density is
N(E, t) + ∆N(E, t), we wish to estimate the change in the total number of neutrons as a
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function of time, i.e., ∆n(t) =
∫
∞
0
∆N(E, t) dE. To derive equations for this quantity, let
Ek = k∆E where ∆E is a small energy interval. Integrating (15) over the interval [Ek, Ek+1],
then
dnk(t)
dt
= −vkσc(Ek, t)nk(t)−
√
vkσc(Ek, t)nk(t)
dWk(t)
dt
(16)
for k = 0, 1, . . . where nk(t) =
∫ Ek+1
Ek
N(E, t) dE. In addition, using Itoˆ’s formula (e.g., [13]),
dn2k(t)
dt
= −2vkσc(Ek, t)n2k(t) + vkσc(Ek, t)nk(t)− 2nk(t)
√
vkσc(Ek, t)nk(t)
dWk(t)
dt
. (17)
From (16) and (17), expressions for E(nk(t)) and E(n
2
k(t)) are readily obtained and then,
E(n(t)) = E(
∑
k nk(t)) and E(n
2(t)) = E((
∑
k nk(t))
2). Finally, expressions for E(n(t) +
∆n(t))− E(n(t)) and Var(n(t) + ∆n(t))− Var(n(t)) are derived as:
E(n(t) + ∆n(t))− E(n(t)) =
∫
∞
0
N(E, 0)
(
e−
∫ t
0
vσ˜c(E,s)ds − e−
∫ t
0
vσc(E,s)ds
)
dE (18)
and
Var(n(t) + ∆n(t))− Var(n(t)) =∫
∞
0
N(E, 0)e−2
∫ t
0
vσ˜c(E,s)ds
(∫ t
0
vσ˜c(E, s)e
∫ s
0
vσ˜c(E,r)dr ds
)
dE
−
∫
∞
0
N(E, 0)e−2
∫ t
0
vσc(E,s)ds
(∫ t
0
vσc(E, s)e
∫ s
0
vσc(E,r)dr ds
)
dE. (19)
Therefore, using the stochastic neutron transport equation to analyze the effect of the pertur-
bation for this transport process, not only are equations derived for estimating the average
effect of the perturbation but equations are also obtained for estimating the change in the
variability for the perturbation. Indeed, for this perturbation problem, equations (18) and
(19) clearly indicate that the mean change and the change in the variability are both pro-
portional to the initial number of neutrons.
6 Conclusions and Future Directions
Stochastic difference and partial differential equations (SPDEs) are becoming increasingly
important in applied mathematics [11, 15, 18, 24]. In the present investigation, stochastic
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difference equations and an SPDE are derived for neutron transport in a general three-
dimensional medium. In the derivation procedure, the deterministic and stochastic terms
in the differential equation system are simultaneously derived. First, a stochastic difference
system is constructed. Next, an SDE system is derived. Finally, a particular SPDE follows
from the SDE system. The stochastic difference equations and the SPDE for the neutron
angular densities are given by (6) and (8), respectively. SPDEs for special cases of this equa-
tion are given by (10) and (12) for one-dimensional plane geometry and for a homogeneous
medium, respectively. The stochastic equations generalize the deterministic neutron trans-
port equations and include random influences due to interactions and sources. Hence, certain
random phenomena, such as fluctuations during reactor startup, can be studied using these
SPDEs. The stochastic difference equations for neutron transport are solved numerically
and compared with independently formulated Monte Carlo methods. The computational
results between the two different numerical methods are in good agreement supporting the
accuracy of the stochastic neutron transport derivation procedure.
Future work may include appropriately extending the derivations of the present inves-
tigation to include the random influence of prompt and delayed neutrons [9, 16, 17]. In
addition, stochastic difference equations and an SPDE may be developed to model the ran-
dom behavior of neutron transport in spherical and cylindrical geometries.
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TABLE 1
Possible Changes in the Number n = n(xi, yj, zk, µl, φm, Eg, tp) for Time ∆t
Change (∆n) Description Probability in Time ∆t
µxvgn(xi−1, yj, zk, µl, φm, Eg, tp)∆t/∆x In a yz-face (µx > 0) 1
−µxvgn(xi+1, yj, zk, µl, φm, Eg, tp)∆t/∆x In a yz-face (µx < 0) 1
−|µx|vgn(xi, yj, zk, µl, φm, Eg, tp)∆t/∆x Out a yz-face 1
µyvgn(xi, yj−1, zk, µl, φm, Eg, tp)∆t/∆y In a xz-face (µy > 0) 1
−µyvgn(xi, yj+1, zk, µl, φm, Eg, tp)∆t/∆y In a xz-face (µy < 0) 1
−|µy|vgn(xi, yj, zk, µl, φm, Eg, tp)∆t/∆y Out a xz-face 1
µzvgn(xi, yj, zk−1, µl, φm, Eg, tp)∆t/∆z In a xy-face (µz > 0) 1
−µzvgn(xi, yj, zk+1, µl, φm, Eg, tp)∆t/∆z In a xy-face (µz < 0) 1
−|µz|vgn(xi, yj, zk, µl, φm, Eg, tp)∆t/∆z Out a xy-face 1
−1 Capture pc
−1/cˆ Transfer out ptr1
1 Transfer in ptr2
1 Source pQ
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TABLE 2
Monte Carlo (MC) and SPDE Calculational Results for 100 Sample
Paths for the Leakage for the Time Interval t = 49 to t = 50
Average Number Standard Average Number Standard
Out Left Side Deviation Out Right Side Deviation
704.93 (MC) 23.01 (MC) 100.22 (MC) 9.93 (MC)
694.32 (SPDE) 21.05 (SPDE) 106.75 (SPDE) 7.57 (SPDE)
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TABLE 3
Monte Carlo (MC) and SPDE Results for 100 Sample Paths for the Number of
Neutrons at Time t = 2.0 With Energy Less Than 10.0 or Between 10.0 and 20.0
Average Number Standard Average Number Standard
With Energy Deviation With Energy Deviation
Less Than 10.0 Between 10.0 and 20.0
156.83 (MC) 11.44 (MC) 399.97 (MC) 14.39 (MC)
156.97 (SPDE) 10.28 (SPDE) 400.92 (SPDE) 13.42 (SPDE)
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Figure Captions
Fig. 1. A Brownian sheet on [0, 5]× [0, 5].
Fig. 2. Calculated left leakages per second from time t = 0 to t = 100 for one sample path
using Monte Carlo and SPDE (10).
Fig. 3. Calculated right leakages per second from time t = 0 to t = 100 for one sample path
using Monte Carlo and SPDE (10).
Fig. 4. Calculated number of neutrons with energy less than 10.0 from time t = 0 to t = 2
for one sample path using Monte Carlo and SPDE (12).
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